Introduction {#Sec1}
============

Since its appearance in 1918 Steffensen's inequality \[[@CR1]\] has been a subject of investigation by many mathematicians because it plays an important role not only in the theory of inequalities but also in statistics, functional equations, time scales, special functions, etc. A comprehensive survey on generalizations and applications of Steffensen's inequality can be found in \[[@CR2]\].
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                \begin{document}$L^{p}$\end{document}$ generalization of Steffensen's inequality (see \[[@CR3]\]) for which Godunova, Levin and Čebaevskaya noted that it is incorrect as stated (see \[[@CR4]\]). Further, in \[[@CR5]\] Pečarić showed that the Bellman generalization of Steffensen's inequality is true with very simple modifications of conditions. Using some substitutions in his result from \[[@CR5]\], Pečarić also proved the following modification of Steffensen's inequality in \[[@CR6]\].

Theorem 1.1 {#FPar1}
-----------

*Assume that two integrable functions* *f* *and* *G* *are defined on an interval* $\documentclass[12pt]{minimal}
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                \begin{document}$$ 0 \leq\lambda G(t) \leq \int_{a}^{b} G(t)\,dt, \quad\textit{for every } t\in[a,b], $$\end{document}$$ *where* *λ* *is a positive number*. *Then* $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \frac{1}{\lambda} \int_{b-\lambda}^{b} f(t)\,dt \leq\frac{\int_{a}^{b} f(t)G(t)\,dt}{\int_{a}^{b} G(t)\,dt} \leq \frac{1}{\lambda} \int _{a}^{a+\lambda} f(t)\,dt. $$\end{document}$$

In \[[@CR7]\] Mitrinović and Pečarić gave necessary and sufficient conditions for inequality ([1.2](#Equ2){ref-type=""}). The purpose of this paper is to generalize the aforementioned result for positive measures, using the approach from \[[@CR8]\] and \[[@CR9]\], and to give some applications related to exponential convexity.
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                \begin{document}$[a,b]$\end{document}$. In \[[@CR10]\] the authors proved the following measure theoretic generalization of Steffensen's inequality.

Theorem 1.2 {#FPar2}
-----------

*Let* *μ* *be a positive finite measure on* $\documentclass[12pt]{minimal}
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                \begin{document}$g, h$\end{document}$ *and* *k* *be* *μ*-*integrable functions on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[a,b]$\end{document}$ *such that* *k* *is positive and* *h* *is nonnegative*. *Let* *λ* *be a positive constant such that* $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \int_{[a,a+\lambda]} h(t)k(t)\,d\mu(t)= \int_{[a,b]} g(t)k(t)\,d\mu(t). $$\end{document}$$ *The inequality* $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \int_{[a,b]} f(t)g(t)\,d\mu(t)\leq \int_{[a,a+\lambda]} f(t)h(t)\,d\mu(t) $$\end{document}$$ *holds for every nonincreasing*, *right*-*continuous function* $\documentclass[12pt]{minimal}
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                \begin{document}$$ \int_{[a,x)} k(t)g(t)\,d\mu(t)\leq \int_{[a,x)} k(t)h(t)\,d\mu(t) \quad\textit{and}\quad \int_{[x,b]} k(t)g(t) \,d\mu(t)\geq0, $$\end{document}$$ *for every* $\documentclass[12pt]{minimal}
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Remark 1.1 {#FPar3}
----------

In \[[@CR10]\] the authors proved that if the function *f* is nonnegative, condition ([1.3](#Equ3){ref-type=""}) can be replaced by the weaker condition $$\documentclass[12pt]{minimal}
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                \begin{document}$f/k$\end{document}$ is nondecreasing, *f* and *h* are nonnegative, *k* is positive, and ([1.6](#Equ6){ref-type=""}) holds, then the inequality in ([1.4](#Equ4){ref-type=""}) is reversed. Furthermore, if $\documentclass[12pt]{minimal}
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                \begin{document}$f/k$\end{document}$ is increasing, *h* is nonnegative, *k* is positive, and ([1.6](#Equ6){ref-type=""}) holds, then the inequality in ([1.4](#Equ4){ref-type=""}) is reversed.

Main results {#Sec2}
============

Motivated by Theorem [1.1](#FPar1){ref-type="sec"} and necessary and sufficient conditions given in \[[@CR7]\], we prove some generalizations of Bellman--Steffensen type inequalities for positive measures.

Theorem 2.1 {#FPar4}
-----------
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                \begin{document}$$ \frac{\int_{[a,b]} f(t)G(t)\,d\mu(t)}{\int_{[a,b]} G(t)\,d\mu(t)}\leq \frac{\int_{[a,a+\lambda]} f(t)h(t)\,d\mu(t)}{\int_{[a,a+\lambda]} h(t)\,d\mu(t)} $$\end{document}$$ *if and only if* $\documentclass[12pt]{minimal}
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                \begin{document}$G:[a,b]\rightarrow \mathbb{R}$\end{document}$ *is* *μ*-*integrable and* *λ* *is a positive constant such that* $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \frac{\int_{[a,x)} G(t)\,d\mu(t)}{\int_{[a,b]} G(t)\,d\mu(t)}\leq \frac{\int_{[a,x)} h(t)\,d\mu(t)}{\int_{[a,a+\lambda]} h(t)\,d\mu (t)}\quad \textit{and}\quad \int_{[x,b]} G(t)\,d\mu(t)\geq0, $$\end{document}$$ *for every* $\documentclass[12pt]{minimal}
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*For a nondecreasing*, *right*-*continuous function* $\documentclass[12pt]{minimal}
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                \begin{document}$f:[a,b]\rightarrow \mathbb{R}$\end{document}$, *inequality* ([2.1](#Equ7){ref-type=""}) *is reversed*.

Proof {#FPar5}
-----

*(Sufficiency)* Let us define the function $$\documentclass[12pt]{minimal}
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                \begin{document}$a\leq x\leq a+\lambda$\end{document}$ into inequality ([2.1](#Equ7){ref-type=""}), we obtain the conditions in ([2.2](#Equ8){ref-type=""}). □

In the following lemma we recall the property of sublinearity of the class of convex functions.

Lemma 2.1 {#FPar6}
---------
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                \begin{document}$$\phi(ax)\leq a\phi(x),\quad \textit{for any } x\in[0, \infty). $$\end{document}$$

Theorem 2.2 {#FPar7}
-----------
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Proof {#FPar8}
-----
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Remark 2.1 {#FPar9}
----------

In Theorems [2.1](#FPar4){ref-type="sec"} and [2.2](#FPar7){ref-type="sec"} we proved similar results to those obtained by Liu in \[[@CR11]\] but we only need *μ* to be finite and positive instead of finite continuous and strictly increasing as in \[[@CR11]\].
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Theorem 2.3 {#FPar10}
-----------
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G:[a,b]\rightarrow \mathbb{R}$\end{document}$ *is a* *μ*-*integrable function and* *λ* *is a positive constant such that* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \frac{\int_{[a,x)} k(t)G(t)\,d\mu(t)}{\int_{[a,b]} k(t)G(t)\,d\mu (t)}\leq \frac{\int_{[a,x)} k(t)h(t)\,d\mu(t)}{\int_{[a,a+\lambda]} k(t)h(t)\,d\mu(t)} \quad\textit{and}\quad \int_{[x,b]} k(t)G(t)\,d\mu(t)\geq0, $$\end{document}$$ *for every* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in[a,b]$\end{document}$, *assuming* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\int_{[a,b]} k(t)G(t)\,d\mu(t)>0$\end{document}$.

*For a nondecreasing*, *right*-*continuous function* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f/k:[a,b]\rightarrow \mathbb{R}$\end{document}$ *inequality* ([2.5](#Equ11){ref-type=""}) *is reversed*.

Proof {#FPar11}
-----

*(Sufficiency)* Let us define the function $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ g(t)=\frac{G(t)\int_{[a,a+\lambda]} k(t)h(t)\,d\mu(t)}{\int_{[a,b]} k(t)G(t)\,d\mu(t)}. $$\end{document}$$ Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\int_{[a,b]} k(t)g(t)\,d\mu(t)=\int_{[a,a+\lambda]} k(t)h(t)\,d\mu(t)$\end{document}$ and ([1.5](#Equ5){ref-type=""}) are fulfilled, we can apply ([1.4](#Equ4){ref-type=""}), and so ([2.5](#Equ11){ref-type=""}) is valid.

*(Necessity)* If we put the function $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ f(t)= \textstyle\begin{cases} k(t),& t< x;\\ 0,& t\geq x, \end{cases} $$\end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a\leq x\leq a+\lambda$\end{document}$ in ([2.5](#Equ11){ref-type=""}), we get ([2.6](#Equ12){ref-type=""}). □

Theorem 2.4 {#FPar12}
-----------

*Let* *μ* *be a finite*, *positive measure on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{B}([a,b])$\end{document}$. *Let* *h* *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f/k$\end{document}$ *be nonnegative*, *nonincreasing functions on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[a,b]$\end{document}$ *such that* *k* *is positive*, *and let* *ϕ* *be an increasing convex function on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[0,\infty)$\end{document}$ *with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\phi(0) = 0$\end{document}$. *If* *G* *is a nonnegative*, *nondecreasing function on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[a,b]$\end{document}$ *such that there exists a nonnegative function* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g_{1}$\end{document}$ *defined by the equation* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \int_{[a,b]} g_{1}(t)\phi \biggl(\frac{k(t)G(t)}{g_{1}(t)} \biggr)\,d\mu (t)\leq \int_{[a,b]} k(t)h(t)\,d\mu(t) $$\end{document}$$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\int_{[a,b]} g_{1}(t)\,d\mu(t)\leq1$\end{document}$, *then the following inequality is valid*: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \phi \biggl(\frac{\int_{[a,b]} f(t)G(t)\,d\mu(t)}{\int_{[a,b]} k(t)G(t)\,d\mu(t)} \biggr)\leq \frac{\int_{[a,a+\lambda]} \phi (\frac{f(t)}{k(t)} )k(t)h(t)\,d\mu(t)}{\int_{[a,a+\lambda]} k(t)h(t)\,d\mu(t)}, $$\end{document}$$ *where* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \int_{[a,a+\lambda]} k(t)h(t)\,d\mu(t)=\phi \biggl( \int_{[a,b]} k(t)G(t)\,d\mu(t) \biggr). $$\end{document}$$

Proof {#FPar13}
-----

Using Jensen's inequality, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned} \phi \biggl(\frac{\int_{[a,b]} f(t)G(t)\,d\mu(t)}{\int_{[a,b]} k(t)G(t)\,d\mu(t)} \biggr) &=\phi \biggl( \frac{\int_{[a,b]} \frac{f(t)}{k(t)}k(t)G(t)\,d\mu (t)}{\int_{[a,b]} k(t)G(t)\,d\mu(t)} \biggr) \\ &\leq\frac{\int_{[a,b]} \phi (\frac{f(t)}{k(t)} )k(t)G(t)\,d\mu(t)}{\int_{[a,b]} k(t)G(t)\,d\mu(t)}. \end{aligned} $$\end{document}$$ From ([2.5](#Equ11){ref-type=""}) for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f\mapsto(\phi\circ(f/k))\cdot k$\end{document}$, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\phi\circ(f/k)$\end{document}$ is nonincreasing, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \frac{\int_{[a,b]} \phi (\frac{f(t)}{k(t)} ) k(t)G(t)\,d\mu(t)}{\int_{[a,b]} k(t)G(t)\,d\mu(t)}\leq \frac{\int_{[a,a+\lambda]} \phi (\frac{f(t)}{k(t)} ) k(t)h(t)\,d\mu(t)}{\int_{[a,a+\lambda]} k(t)h(t)\,d\mu(t)} $$\end{document}$$ if conditions in ([2.6](#Equ12){ref-type=""}) are satisfied. Obviously, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\int_{[x,b]} k(t)G(t)\,d\mu(t)\geq0$\end{document}$ since *k* and *μ* are positive and *G* is nonnegative. Hence, we have to show $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\phi \biggl( \int_{[a,b]} k(t)G(t)\,d\mu(t) \biggr) \int_{[a,x)} k(t)G(t)\,d\mu(t) \\ &\quad \leq \int_{[a,b]} k(t)G(t)\,d\mu(t) \int_{[a,x)} k(t)h(t)\,d\mu(t). \end{aligned}$$ \end{document}$$ Using sublinearity from Lemma [2.1](#FPar6){ref-type="sec"} and Jensen's inequality, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \phi \biggl( \int_{[a,b]} k(t)G(t)\,d\mu(t) \biggr)&=\phi \biggl( \int _{[a,b]} g_{1}(t)\,d\mu(t) \frac{\int_{[a,b]} k(t)G(t)\,d\mu(t)}{\int_{[a,b]} g_{1}(t)\,d\mu (t)} \biggr) \\ &\leq \int_{[a,b]} g_{1}(t)\,d\mu(t)\phi \biggl( \frac{\int_{[a,b]} g_{1}(t)\frac{k(t)G(t)}{g_{1}(t)}\,d\mu(t)}{\int_{[a,b]} g_{1}(t)\,d\mu (t)} \biggr) \\ &\leq \int_{[a,b]} g_{1}(t)\phi \biggl(\frac{k(t)G(t)}{g_{1}(t)} \biggr)\,d\mu(t) \\ &\leq \int_{[a,b]} k(t)h(t) \,d\mu(t). \end{aligned}$$ \end{document}$$ Since *G* and *h* are nonnegative nondecreasing and *k* is positive, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{\int_{[a,x)} k(t)G(t)\,d\mu(t)}{\int_{[a,x)} k(t)h(t)\,d\mu(t)} \leq\frac{\int_{[a,b]} k(t)G(t)\,d\mu(t)}{\int_{[a,b]} k(t)h(t) \,d\mu(t)}, $$\end{document}$$ i.e., $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int_{[a,b]} k(t)h(t) \,d\mu(t) \int_{[a,x)} k(t)G(t)\,d\mu(t) \leq \int_{[a,x)} k(t)h(t)\,d\mu(t) \int_{[a,b]} k(t)G(t)\,d\mu(t). $$\end{document}$$ So, along with ([2.10](#Equ16){ref-type=""}), we have proved ([2.9](#Equ15){ref-type=""}). Hence the theorem is proved. □

Applications {#Sec3}
============

In this section we use classes of log-convex, exponentially convex and *n*-exponentially convex functions. Definitions and properties of these classes of functions can be found, e.g., in Pečarić, Proschan and Tong \[[@CR12]\], Bernstein \[[@CR13]\], Pečarić and Perić \[[@CR14]\], and Jakšetić, Pečarić \[[@CR15]\].

The following example will be useful in our applications.

Example 3.1 {#FPar14}
-----------

(i)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x)=e^{\alpha x}$\end{document}$ is exponentially convex on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbb{R}$\end{document}$, for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha\in \mathbb{R}$\end{document}$.(ii)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g(x)=x^{-\alpha}$\end{document}$ is exponentially convex on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(0,\infty )$\end{document}$, for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha>0$\end{document}$.

The following families of functions given in the next two lemmas will be useful in constructing exponentially convex functions.

Lemma 3.1 {#FPar15}
---------

*Let* *k* *be a positive function and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\in \mathbb{R}$\end{document}$. *Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi _{p}:(0,\infty)\rightarrow \mathbb{R}$\end{document}$ *be defined by* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \varphi_{p}(x)= \textstyle\begin{cases} \frac{x^{p}}{p}k(x),& p\neq0;\\ k(x)\log x,& p=0. \end{cases} $$\end{document}$$ *Then* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\mapsto(\varphi_{p}/k)(x)$\end{document}$ *is increasing on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(0,\infty)$\end{document}$ *for each* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\in \mathbb{R}$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\mapsto(\varphi_{p}/k)(x)$\end{document}$ *is exponentially convex on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(0, \infty)$\end{document}$ *for each* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in(0, \infty)$\end{document}$.

Proof {#FPar16}
-----

Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\frac{d}{dx} (\frac{\varphi_{p}(x)}{k(x)} )=x^{p-1}>0$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(0,\infty)$\end{document}$ for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\in \mathbb{R}$\end{document}$ we have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\mapsto(\varphi_{p}/k)(x)$\end{document}$ is increasing on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(0,\infty)$\end{document}$. From Example [3.1](#FPar14){ref-type="sec"} the mappings $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\mapsto e^{p\log x}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\mapsto\frac{1}{p}$\end{document}$ are exponentially convex, and since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\mapsto\frac{x^{p}}{p}=e^{p\log x}\cdot\frac{1}{p}$\end{document}$, the second conclusion follows. □

Similarly we obtain the following lemma.

Lemma 3.2 {#FPar17}
---------

*For* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\in \mathbb{R}$\end{document}$ *let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\phi_{p}:[0,\infty)\rightarrow \mathbb{R}$\end{document}$ *be defined by* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \phi_{p}(x)=\frac{x^{p}}{p(p-1)},\quad p>1. $$\end{document}$$ *Then* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\mapsto\phi_{p}(x)$\end{document}$ *is convex on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[0,\infty)$\end{document}$ *for each* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p>1$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\mapsto\phi_{p}(x)$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\mapsto\phi_{p}'(x)$\end{document}$ *are exponentially convex on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(1, \infty)$\end{document}$ *for each* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in[0,\infty)$\end{document}$.

Using the Bellman--Steffensen type inequality given by ([2.5](#Equ11){ref-type=""}), under the assumptions of Theorem [2.3](#FPar10){ref-type="sec"}, we can define a linear functional $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathfrak{L}$\end{document}$ by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \mathfrak{L}(f)= \frac{\int_{[a,b]} f(t)G(t)\,d\mu(t)}{\int_{[a,b]} k(t)G(t)\,d\mu(t)} -\frac{\int_{[a,a+\lambda]} f(t)h(t)\,d\mu(t)}{\int_{[a,a+\lambda]} k(t)h(t)\,d\mu(t)}. $$\end{document}$$ We have that the functional $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathfrak{L}$\end{document}$ is nonnegative on the class of nondecreasing, right-continuous functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f/k:[a,b]\rightarrow \mathbb{R}$\end{document}$.

Theorem 3.1 {#FPar18}
-----------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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Claims (iii), (iv), (v) are simple consequences of (i) and (ii). □
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Theorem 3.2 {#FPar20}
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-----
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Claims (iii), (iv), (v) are simple consequences of (i) and (ii). □

In the following theorem we give the Lagrange-type mean value theorem.

Theorem 3.3 {#FPar22}
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Using the standard Cauchy type mean value theorem, we obtain the following corollary.

Corollary 3.1 {#FPar24}
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Remark 3.1 {#FPar25}
----------
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Using the characterization of convexity by the monotonicity of the first order divided differences, it follows (see \[[@CR12], p. 4\]): if $\documentclass[12pt]{minimal}
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Theorem 3.4 {#FPar26}
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Proof {#FPar27}
-----
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\(ii\) Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\in \mathbb{N}, p_{i}\in (1,\infty)\ (i = 1, \ldots, n)$\end{document}$ be arbitrary and define an auxiliary function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\psi: [0,\infty) \rightarrow \mathbb{R}$\end{document}$ by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \psi(x)=\sum_{j,k=1}^{n} \xi_{j}\xi_{k}\phi_{\frac{p_{j}+p_{k}}{2}}(x). $$\end{document}$$ Now $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \psi'(0)=\sum_{j,k=1}^{n} \xi_{j}\xi_{k}\phi'_{\frac{p_{j}+p_{k}}{2}}(0)=0. $$\end{document}$$ Further, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \psi''(x)= \Biggl(\sum _{j=1}^{n}\xi_{j}x^{\frac{p_{j}-2}{2}} \Biggr)^{2}\geq0. $$\end{document}$$ Relations ([3.10](#Equ26){ref-type=""}) and ([3.11](#Equ27){ref-type=""}), together with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\psi (0)=0$\end{document}$, imply that *ψ* is a convex increasing function, and then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \mathfrak{L}(\psi)\geq0. $$\end{document}$$ This means that the matrix $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\biggl[H \biggl(\frac{p_{j}+p_{k}}{2} \biggr) \biggr]_{j,k=1}^{n} $$\end{document}$$ is positive semidefinite.

Claims (iii), (iv), (v) are simple consequences of (i) and (ii). □

Similar to Corollary [3.1](#FPar24){ref-type="sec"} we also have the following corollary.

Corollary 3.2 {#FPar28}
-------------
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Remark 3.2 {#FPar29}
----------
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-----
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\(ii\) Since *S* is continuous on *J*, then it is *n*-exponentially convex.

\(iii\) This is a consequence of the characterization of convexity by the monotonicity of the first order divided differences (see \[[@CR12], p. 4\]). □
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\(ii\) This follows from part (i).

\(iii\) This is a consequence of the characterization of convexity by the monotonicity of the first order divided differences (see \[[@CR12], p. 4\]). □
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